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Jak prob́ıhá d̊ukaz matematickou indukćı?

1. Dokažte, že pro všechna přirozená n plat́ı:
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n pro n ≥ 2 (e) Vypoč́ıtejte pro x ∈ R:

∑n
k=1 x

k

2. Dokažte pomoćı matematické indukce, že pro všechna přirozená n a reálná
x > −1 plat́ı tzv. Bernoulliho nerovnost:

(1 + x)n ≥ 1 + nx

3. Dokažte tzv. de Morganova pravidla pro množiny A a Bi (i = 1 .. n):

(a) A \
⋂n

i=1Bi =
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i=1(A \Bi)
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4. Dokažte pro všechna přirozená n:

(a) (2n)! < 22n(n!)2 (b) n2 ≤ 2n

5. Dokažte pro všechna přirozená n a reálná x taková, že 0 ≤ xk ≤ π :

| sin (
∑n

k=1 xk)| ≤
∑n

k=1 sinxk

Dú (2b.): Dokažte pro všechna přirozená n, kde e je základ přirozeného logar-
itmu:

(n
e )n ≤ n! ≤ (n+1

2 )n

(Nápověda: pro horńı odhad lze už́ıt AG nerovnost; dále plat́ı (1 + 1
n )n ≤ e)

Bonus: Dokažte AG nerovnost pro všechna xi ∈ R, xi ≥ 0 a n ∈ N :
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Co je to supremum, infimum, maximum, minimum? Př́ıklad množiny, která
má supremum, ale ne maximum; př́ıklad množiny bez suprema.

Dú (1b): Najděte suprema a infima následuj́ıćıch množin v R (pokud exis-
tuj́ı); existuj́ı pro ně maxima a minima?

(a) A1 = {− 1
n ; n ∈ N} (b) A2 = {n+(−1)n

n ; n ∈ N}

(c) A3 = {n(−1)n ; n ∈ N} (d) A4 = {q <
√

3; q ∈ Q}

(e) A5 = {sinx cosx; x ∈ R}


