
12. Cvičeńı z MA I. (4. 1. 2010)

Co je to derivace? Jaké znáte věty pro derivace, k čemu se využ́ıvá? Jak se poč́ıtá
derivace – aritmetika derivaćı, derivace složené funkce, derivace inverzńı funkce.
Co je jednostranná derivace a jak se poč́ıtá?

1. Určete ve všech bodech definičńıho oboru funkćı, zda existuj́ı (jednos-
tranné) derivace, př́ıpadně čemu se rovnaj́ı. Lze tyto funkce spojitě rozš́ı̌rit?
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2. Najděte extrémy funkćı.
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3. Vypočtěte derivace funkćı:

(a) f(x) = (x− a)2(x− b)2 pro x ∈< a, b >, f(x) = 1
e pro všechna ostatńı x

(b) g(x) = x2e−x
2

pro |x| ≤ 1, g(x) = 1
e pro |x| > 1

4. Ještě daľśı derivace:

(a) arcsin | 5x+2
3x−6 | (b)

√
sinx cosx (c)

√
arctg (ln2 x)

5. A ještě nějaké limity – l’Hospitalovo pravidlo:
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Výsledky:
1a. x ∈ R− {0} : f ′(x) = 0, f ′(0) = +∞
1b. x ∈ R− {0} : f ′(x) = sgn x, f ′+(0) = 1, f ′−(0) = −1
1c. x ∈ (−∞;−1) ∪ (1; =∞) : f ′(x) = x

x4−1

1d. x ∈ R− { 1
2 , 1} : f ′(x) = sgn ( x−1

1−2x ) −1
(1−2x)2 , f

′
+(1) = 1, f ′−(1) = −1

1e. x ∈ (1,+∞) : f ′(x) = (ln x)x

xln x

(
ln(lnx) + 1

ln x −
2
x lnx

)
; lze spoj. rozš. v 1:

f(1) = 0

1f. x ∈ R − {−1, 1} : f ′(x) = 4
3

xe(1−x2)

3
√

1−e1−x2
, f ′+(1) = +∞ = f ′−(−1), f ′−(1) =

−∞ = f ′+(−1)

1g. x ∈ R− {0} : f ′(x) = xe−x2

√
1−e−x2

, f ′+(0) = 1, f ′−(0) = −1

1h. x ∈ ∪(2kπ; (2k+1)π) : f ′(x) = (sinx)| cos x|sgn (cosx)
(

cos2 x
sin x − sinx ln(sinx)

)
;

lze spoj. rozš. na ∪ < 2kπ; (2k + 1)π >: f(2kπ) = f((2k + 1)π) = 0
??? jednostranná derivace v krajńıch bodech ???
2a. Df =< −

√
2;
√

2 >; min f(x) = f(−1) = −1,max f(x) = f(1) = 1
2b. Df = R; min f(x) = f(π2 + (2k + 1)π) = f((2k + 1)π) = −1,max f(x) =
f(π2 + 2kπ) = f(2kπ) = 1; lokálńı maxima v b. π

4 + 2kπ, lokálńı minima v b.
π
4 + (2k + 1)π
2c. Df =< −3; 2 >; min f(x) = f(− 1

2 ),max f(x) = f(−3) = f(2)
2d. Df = R; min f(x) = f(0) = 0,max f(x) = f(−1) = f(1) = 1

2

2e. Df =< −1; 1 >; max f(x) = f( 1
2 ) =

√
3 + π

6 ;
minima nenabývá (lze sp. rozš.: f(−1) = −π2 , f(1) = π

2 ; f nabývá min. v b. -1)
3a. f ′(x) = 2(x− a)(x− b)(2x− a− b) pro x ∈ (a, b); f ′+(a) = f ′−(a) = f ′+(b) =
f ′−(b) = 0; f ′(x) = 0 pro x ∈ (−∞, a) ∪ (b,∞)
3b. g′(x) = 2xe−x

2
(1 − x2) pro x ∈ (−1, 1); f ′−(1) = f ′+(1) = f ′+(−1) =

f ′−(−1) = 0; f ′(x) = 0 pro x ∈ (−∞,−1) ∪ (1,∞)
4a. Df =< −4, 1

2 >; f ′(x) = 6sgn (5x+2)

(x−2)
√

2(x+4)(1−2x))
pro x 6= − 2

5 ; f ′+(− 2
5 ) =

+ 25
36 , f

′
−(− 2

5 ) = − 25
36 , f

′
+(−4) = −∞, f ′+( 1

2 ) = +∞
4b. Df = ∪ < kπ, π2 + kπ >; f ′(x) = 1

2
cos2 x−sin2 x√

sin x cos x
pro x ∈ ∪(kπ, π2 + kπ)‘

f ′+(2kπ) = +∞ = f ′+(π + 2kπ), f ′−(π2 + 2kπ) = −∞ = f ′−( 3π
2 + 2kπ)

4c. Df = (0,+∞); f ′(x) = ln x

x(1+ln4 x)
√

arctg (ln2 x)
; pro x 6= 1; f ′+(1) = 1, f ′−(1) =

−1


