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Outline

 Inference in discrete graphical models

» Variables, Conditional probabilities,
Parameters, Plate notation

e Conditional Independence
 Markov blanket

* Message passing, Belief propagation, Loopy
belief propagation
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Graphical models

* Provide simple way to visualize probabilistic
models

* Give insight into properties of the model, e.g.
conditional independence

* Help to understand complex inference methods

O :
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Examples of Probabilistic Graphical Models

Bayesian Network Markov Network

Season

t

Congestion

(FLH|C), (CLS|F,H) (ALC|B, D), (BLDIA, C)
(MLH, C|F), (MLC|F), ...

Graphs

Independencies

Figure source [Koller et al. 2009].
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Examples of Probabilistic Graphical Models

BN Examples: Naive Bayes BN Examples: Hidden Markov Model
~ ™
QQO con
X'é,l Xiz ? Xia
. ,
0,
Figure source [Murphy 2012]. Figure source [Murphy 2012].
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Plate notation 1

* |s a method for representing variables that repeat
in a graphical model
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Plate notation 2

 Observed variables are marked

* including priors (these can be denoted differently)

..
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Plate notation 3 - switching

 Mixture model

VVVVV

Source Wikipedia, 2014

i~ Dir( o)
e~ N, 00)
z,~ Categorical(m)

x,~N(u,,o’)

NPFL108 8/38



Bayesian Networks

BN is a directed graphical model consisting of

 nodes — random variable
* links — probabilistic relationship between random var.

 Factorisation:

 The basic idea is to represent a complex distribution by a
product of simpler distribution

pla,b,c)=plalb,c)p(blc)p(c)
* This can be graphically represented as

a b
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Dynamic Bayesian Networks

 Like a Bayesian network

 However, it can grow.

S2

s1
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Factorization

e Factorization is not unique

it can have many, theoretically equivalent, forms

pla,b,c)=plalb,c) p(blc)p(c)
=plcla, b)p(bla)p(a)
O : a (2
. (&
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Conditional independence
* |Independence of two random variables

pla,b)=p(a)p(b)

e Conditional independence of two random
variables
pla, blc)=plalc) p(b]c)

 This is also noted as

al blc
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Examples

 Head to talil

@ »@ »@ al blc

e Talil to tall

e es alle

* Head to head

(DD (o) albfc




Head to tall

@ ’@ ’@ al blc

3 A 1 L (
P(QHC,> = PCQL»::) — E&BP(&H)P@’O

T Py
ﬁ Pla,c)

Plalc) <13

POvle) = pald) LML)
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D-separation

Conditional independence properties can be read directly from the graph.

We say that the sets of nodes A, B and C satisfy (ALB|C) when all of
the possible paths from any node in A to any node in B are blocked .

A path will be blocked if it contains a node x with arrows meeting at x
1 - i) head-to-tail or ii) tail-to-tail and x is C.
2 - head-to-head and neither x, nor any of its descendants, is in C.

a / a / (a_Lb|c) does not follow from

the graph.

al b‘f is implied by the
graph.

Figure source [Bishop 2006].
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Markov blanket

 The Markov blanket of a node x is the set of nodes comprising parents,
children and co-parents of x.

* |tis the minimal set of nodes that isolates a node from the rest, that is, x
is Cl of any other node in the graph given its Markov blanket .

Source [Bishop 2006]
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Fully connected networks

f (=)

pla,b,c,d,e,f)=plela,b,c,d, f)pl(d|a,b,c,f)
plcla,b,f)plalb,f)p(blf)p(f)
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Marginalization

 Computing joint distribution of only some subset
of variables

p(a, b, c):Zdzezfp(a, b,c,d, e,f)

 Trivial. However, it can be slow.
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Partially connected networks




Marginalization

* Marginalization on factored partially connected
network speed the inference

pla,b,e)=)., 2. > plela,d,f)p(dlc)p(cla,b)
p(blf) p(a) p(f)

xy+xz =  x(y+z)

» Use the fact that x distributes over +
2 multiplies + 1 addition 1 multiply + 1 addition
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Marginalization on factored joint dist.

* |n this case, you need
 |d|.|e|.|f| additions
d|.|e|.[f|*5 multiplications

(a,b,c)=2,,2..2.,plela.d.f)p(d|c) p(cla, b)

p(blf) p(a) p(f)

In this case, you need
 |d|.|e|.|f| additions
* (|d| +3 )* [f| + 3 multiplications

pla.b,c)=pla)p(cla, b)

pr(b\f)p(f)(de(dC)(Zep(e\a,d,f)))
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Posterior distribution

* \We are not much interested in the joint distribution
 More often we want to know the posteriors

» for some of the random variables given some observed
data

NPFL108 22/38



Posterior given the some variables

« Jointa, b,d, fgivenc, e

pla,b,d, flc,e)=7?
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Posterior given the some variables

» Joint prob. of a, b, d, fgivenc, e

p(a, b,c, d,e,f)
plc,e)

pla,b,d, flc,e)=

p(a, b,c,d,e, f)
Zajb,d,fp(a, b,c,d,e,f)
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Posterior given the known variables

» Joint prob.ofa, b,d,fgivenc=C,e=E

a,b,c=C, d,eZE,f)
ple=C,e=E)

p<3,b,d,ﬂc:C’,e:E):p(

p( a,b,c=C,d,e=E, f)

2. . .pla,b,c=C,d,e=E,f)
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Inference in Bayesian networks

» Simple marginalisation is inefficient
* Use dynamic programming

» Belief propagation
e using dynamic programming
e exact on trees
e equivalent to Forward-Bacward algorithm for HMMs
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Belief propagation on a chain

 Compute p(sd)

p<55)zzs S 5§ p<SI)SZ)S3754)SS)

1, 72, 73,74

2254 p(Ss\S4)ZS3 p(SJ%)ZSz 1’7(53‘52)2151 plsls) pls))

* Use dynamic programming

* aka message passing algorithm

aee e e s
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Forward message passing

pls)=2. plsls) 2. plsls:) 2. plsls) 2. plsls) pls)
pls)=2. plsfs) 2. plsfs) 2 plsls)m,,,(s)
p(s)=3, plsls)X, plsis)ma(s)

()= plsls)m (s

pls)=m,,(s)

L T L
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Backward message passing
5 ):ZSZP(SJSI)P(SI)Z% p(53|52)zs4p(54|53)255 plsis,)
§ )225217(52‘51)17(51)253 p(53‘52)254p(54‘53)m55->54(54)

pls)=2._plsls)pls)2 pls)s,)m,,,(s)

Sl Z D 52|S1 p s->s(52)

pls)=m,,(s)

L L L
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Message passing

:S):Z p(Ss|S4)Z P(S4|S3253)Z p<53:S3|Sz)ZS]p(52|51)p(51)

Z p 55|S4 Z D S4|S3 s-)s( Ss)
pls=8;)=m s-)s Z pls,s;=S Zs5 plsis,)

p(53: S3):msz->53<S3:S3)ms4->s3(S3:S3)

m 952(52) EmSZ-)%(S?’)l m —>s4<S4) ms4-)55<55>

— — — —
R B

m(s) o m,.(s) Lm(ﬂ _

- - - -
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Belief propagation on a tree

* We are interested in p(s3 = S3)

p(S3=S3):m52_)53(S3:S3)m03_)53(s3:5'3)11154_,53(53:S3>




Belief propagation on a tree

* The same algorithm scales to an arbitrary tree

_>
—

-
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Inference in general Bayesian Networks

 Exact inference intractable

* Approximation techniques necessary

* Loopy belief propagation
 Infers the marginal distribution for the nodes

» Approximate the joint distribution by a product of
marginals

p<51952953954:SS)NP(Sl)p(Sz)p(53>p(54><55)
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BP in a general Bayesian Network

* |t is not a tree any more




BP in a general Bayesian Network

* |f used on networks with cycles then it is inexact

e can be used iteratively — Loopy Belief Propagation
e it converges to some local optimum
* most of the time it works

* |terate until convergence

» there are multiple ways how the iterate /@
— Loopy belief propagation H@ \
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Factor graphs

* \ery often used to explain LPB, EP, etc.

 LPB cannot be easily described on BN

 New type of nodes: factors p(S7\56 Ss)

- model conditional probabilities

 Then messages are defined between variable and factors nodes
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Loopy belief propagation

 |terate over nodes n \in N
F(X,) X,=ne(f;)=s,»

mfj—)sn( SH): Zsa Zsb Z P( SH| SasSps +- ) H[(Ea,b,... mSk-)fj(S](> |
\ i 4//

€ne
p(s,) _ Hlew(sk) mf,»sk(sk) _H o (s)
mfj.»sk<5k) mfﬁsk(sk) — L Liene(s,)-£, 7178, Sk

msk-> fj ( Sk) —

* Not all messages are available at the beginning

* Try some reasonable initial values for

— probabilities and messages 1s NPFL108 37/38



Messages to a factor in LPB

k - variables
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