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Maximum Likelihood Estimation (MLE)
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Example

The binomial distribution is the discrete probability distribution of the number of
successes in a sequence of n independent yes/no experiments, each of which yields
success with probability p, X ∼ Bin(n, p).

Probabilistic mass function Pr(X = k) = f (k; n, p) = n!
k!(n−k)! p

k(1− p)(n−k)

Coin tossing
Let n = 10, x represents the number of successes in 10 trials and probability of
head on one trial is p. Then

f (x ; 10, p) = 10!
x !(10− x)!px (1− p)(10−x)
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Example

f (x ; 10, p = 0.2) f (x ; 10, p = 0.0.7)
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MLE

• X = {x1, . . . , xn}

Assumption

x1, . . . , xn are independent and identically distributed with an unknown probability
density function f (X; Θ)

• unknown parameters Θ
• joint density function f (x1, . . . , xn; Θ) i.i.d.=

∏n
i=1 f (xi ; Θ)

We determine what value of Θ would make the data that we observed most likely.
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MLE

MLE is a method for estimating population parameters from data.

Goal: identify the population that is most likely to have generated the sample.

Likelihood function

L(Θ|x1, . . . , xn) =
n∏

i=1
f (xi ; Θ) (1)

Log-likelihood function

logL(Θ|x1, . . . , xn) =
n∑

i=1
log f (xi ; Θ) (2)

Maximum likelihood estimate of Θ

Θ?
MLE = argmaxΘ logL(Θ|x1, . . . , xn) (3)
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MLE

Analytically

• Likelihood equation: ∂ logL(Θ|X)
∂Θi

= 0 at Θi for all i = 1, . . . ,m

• Maximum, not minimum: ∂2L(θ|X)
∂Θ2

i
< 0

In practice, it is usually not possible to obtain an analytic solution
(many parameters, probability density function is highly non-liner).

Numerically

• Use an optimization algorithm (for ex. Gradient Descent)
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MLE
Binomial distribution

Estimate the probability p that a coin lands head using the result of n coin tosses,
k of which resulted in heads.

• f (k; n, p) = n!
k!(n−k)! (p)k(1− p)(n−k)

• L(p|n, k) = n!
k!(n−k)! (p)k(1− p)(n−k)

• logL(p|n, k) = log n!
k!(n−k)! + k log p + (n − k)log(1− p)

• ∂ logL(p|n,k)
∂p = k

p + n−k
1−p = 0

• p?MLE = k
n
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MLE
Logistic regression

Logistic regression models conditional probability using linear function.

h(x) = 1
1 + e−ΘT x = Pr(y = 1|x)

Learn Θ? from Data = {〈xi , yi〉, yi ∈ {0, 1}, i = 1, ..., n}.

Use MLE.
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MLE
Logistic regression

h(x; Θ) = Pr(y = 1|x)

n∏
i=1

Pr(y = yi |xi ) =
n∏

i=1
h(xi ; Θ)yi (1− h(xi ; Θ))1−yi

L(Θ|Data) =
n∏

i=1
h(xi ; Θ)yi (1− h(xi ; Θ))1−yi

logL(Θ|Data) =
n∑

i=1
yi log h(xi ; Θ) + (1− yi ) log(1− h(xi ; Θ))

Θ?
MLE = argmaxΘ

n∑
i=1

yi log h(xi ; Θ) + (1− yi ) log(1− h(xi ; Θ))
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MLE
Naïve Bayes classifier

ŷ = argmaxyk∈Y Pr(yk)
m∏

j=1
Pr(xj |yk)
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MLE
Naïve Bayes classifier
Categorical features

• Θj(x |y) = Pr(x |y), x ∈ Aj , y ∈ Y
• Θ(y) = Pr(y), y ∈ Y

Where to get Θj(x |y) and Θ(y)?

Learn them from Data = {〈xi , yi〉, yi ∈ R, i = 1, ..., n}.

Use MLE.

Theorem
The Maximum likelihood estimates for NB take the form

• Θ(y) = cy
n where cy =

∑n
i=1 δ(yi , y)

• Θj(x |y) =
cjx|y
cy

where cjx|y =
∑n

i=1 δ(yi , y)δ(xij , x)
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MLE
Naïve Bayes classifier

Continuous features

Typical assumption: each continuous feature has a Gaussian distribution.

Theorem
The ML estimates for NB take the form

• µk =
∑n

j=1
x j

i δ(Y j =yk )∑n
j=1
δ(Y j =yk )

• σk
2 =

∑
j
(x j

i−µk )2δ(Y j =yk )∑
j
δ(Y j =yk )

• Θj(x |yk) = 1√
2πσk

2
e
−(x−µk )2

2σk 2
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Least squares

Least squares
• seeking the parameter values that provide most accurate description of the

data
• Θ? = argminΘ

∑n
i=1(h(xi )− yi )2

MLE
• seeking the parameter values that are most likely to have produced the data
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Least squares

At each value of A1, the output value y
is subject to random error ε that is
normally distributed N(0, σ2).

yi = ΘTxi + εi
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Least squares

• probability density function of the Normal distribution

f (x ;µ, σ) = 1
σ
√

2π
e−

(x−µ)2

2σ2

•

L(µ, σ|ε) =
n∏

i=1

1√
2πσ2

e−
∑n

i=1
(εi−µ)2

2σ2

• εi = yi −ΘTxi ∼ N(0, σ2). The likelihood distribution function is

L(Θ, σ|Data) =
n∏

i=1

1√
2πσ2

e−
(yi−ΘT xi )2

2σ2
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Least squares

logL(Θ, σ|Data) =
n∑

i=1
[log 1√

2πσ2
− (yi −ΘTxi )2

2σ2 ]

argmaxΘ logL(Θ, σ|Data) = argmaxΘ

n∑
i=1
− 1

2σ2 (yi −ΘTxi )2

argmaxΘ logL(Θ, σ|Data) = argminΘ

n∑
i=1

(yi −ΘTxi )2

The minimum least square estimates are equivalent to the maximum likelihood
estimates under the assumption that Y is generated by adding random noise to
the true target values characterized by the Normal distribution N(0, σ2).
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