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Bayesian Mixture of Categoricals Model

𝑧𝑑 ∼ 𝐶𝑎𝑡( ⃗𝜃)
⃗𝜃 ∼ 𝐷𝑖𝑟( ⃗𝛼)

𝑤𝑛𝑑|𝑧𝑑, ⃗𝛽 ∼ 𝐶𝑎𝑡( ⃗𝛽𝑧𝑑
)

⃗𝛽𝑘 ∼ 𝐷𝑖𝑟( ⃗𝛾)

An alternative, Bayesian treatment infers these parameters starting from priors, e.g.:
• ⃗𝜃 ∼ 𝐷𝑖𝑟( ⃗𝛼) is a symmetric Dirichlet over category probabilities,
• ⃗𝛽𝑘 ∼ 𝐷𝑖𝑟( ⃗𝛾) are symmetric Dirichlets over vocabulary probabilities.
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Collapsed sampling for Bayessian Mixture of Categoricals
We want to employ Gibbs Sampling to sample the model variables 𝑧𝑑, 𝛽, and 𝜃.

Collapsed Gibbs Sampler: We will sample only the latent variables 𝑧𝑑. The model
parameters 𝛽 and 𝜃 are marginalized (integrated out).
In each step, we sample one latent variable 𝑧𝑑 conditioned by all the other latent variables
𝑧−𝑑, all the documents 𝑤, and our hyperparameters 𝛾 and 𝛼.

𝑝(𝑧𝑑 = 𝑘|{𝑤}, {𝑧−𝑑}, 𝛾, 𝛼)
We rewrite it using Bayes theorem.

= 𝑝(𝑧𝑑 = 𝑘|{𝑧−𝑑}, 𝛾, 𝛼) 𝑝({𝑤}|𝑧𝑑 = 𝑘, {𝑧−𝑑}, 𝛾, 𝛼)
𝑝({𝑤}|{𝑧−𝑑}, 𝛾, 𝛼)

The denominator is constant (does not depend on category 𝑘), the parts in the nominator
also do not depend on both the hyperparameters.

∝ 𝑝(𝑧𝑑 = 𝑘|{𝑧−𝑑}, 𝛼) 𝑝({𝑤}|𝑧𝑑 = 𝑘, {𝑧−𝑑}, 𝛾)
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Collapsed sampling for Bayessian Mixture of Categoricals [2]
We have:

𝑝(𝑧𝑑 = 𝑘|{𝑤}, {𝑧−𝑑}, 𝛾, 𝛼) ∝ 𝑝(𝑧𝑑 = 𝑘|{𝑧−𝑑}, 𝛼) 𝑝({𝑤}|𝑧𝑑 = 𝑘, {𝑧−𝑑}, 𝛾)
Probability of the document collection 𝑝({𝑤}) may be rewritten as 𝑝(𝑤𝑑|𝑤−𝑑)𝑝(𝑤−𝑑).
However 𝑝(𝑤−𝑑) does not depend on 𝑧𝑑, so:

𝑝(𝑧𝑑 = 𝑘|{𝑤}, {𝑧−𝑑}, 𝛾, 𝛼) ∝ 𝑝(𝑧𝑑 = 𝑘|{𝑧−𝑑}, 𝛼) 𝑝({𝑤𝑑}|𝑤−𝑑, 𝑧𝑑 = 𝑘, {𝑧−𝑑}, 𝛾)

∝ 𝑝(𝑧𝑑 = 𝑘|{𝑧−𝑑}, 𝛼)
𝑁𝑑

∏
𝑛=1

𝑝(𝑤𝑛𝑑|{𝑤−𝑑}, 𝑧𝑑 = 𝑘, {𝑧−𝑑}, 𝛾)

For computing 𝑝(𝑧𝑑|𝑧−𝑑) and 𝑝(𝑤𝑑|𝑤−𝑑), we integrate over all possible parameters 𝜃 and 𝛾
respectively.

∝ ∫ 𝑝(𝑧𝑑 = 𝑘|𝜃)𝑝(𝜃|𝑧−𝑑, 𝛼)𝑑𝜃
𝑁𝑑

∏
𝑛=1

∫ 𝑝(𝑤𝑛𝑑|𝛽𝑘)𝑝(𝛽𝑘|{𝑤−𝑑}, {𝑧−𝑑}, 𝛾)𝑑𝛽𝑘
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Collapsed sampling for Bayessian Mixture of Categoricals [3]

We have:

𝑝(𝑧𝑑 = 𝑘|{𝑤}, {𝑧−𝑑}, 𝛾, 𝛼) ∝ ∫ 𝑝(𝑧𝑑 = 𝑘|𝜃)𝑝(𝜃|𝑧−𝑑, 𝛼)𝑑𝜃
𝑁𝑑

∏
𝑛=1

∫ 𝑝(𝑤𝑛𝑑|𝛽𝑘)𝑝(𝛽𝑘|{𝑤−𝑑}, {𝑧−𝑑}, 𝛾)𝑑𝛽𝑘

Both the integrals are expected values of Dirichlet distributions, therefore:

𝑝(𝑧𝑑 = 𝑘|{𝑤}, {𝑧−𝑑}, 𝛾, 𝛼) ∝ 𝛼 + 𝑐𝑑[𝑘] − 1
𝐾𝛼 + 𝐷 − 1

𝑁𝑑

∏
𝑛=1

𝛾 + 𝑐𝑤[𝑤𝑛𝑑][𝑘]

𝑀𝛾 +
𝑀
∑

𝑚=1
𝑐𝑤[𝑚][𝑘]

• 𝑐𝑑[𝑘] … How many documents are assigned to topic 𝑘.
• 𝑐𝑤[𝑚][𝑘] … How many times the word 𝑚 is in a document assigned to topic 𝑘.
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Algorithm for Bayessian Mixture of Categoricals
initialize 𝑧𝑑 randomly ∀𝑑 ∈ 1..𝐷;
compute initial counts 𝑐𝑑[𝑘], 𝑐𝑤[𝑚][𝑘], 𝑐[𝑘] ∀𝑘 ∈ 1..𝐾, ∀𝑚 ∈ 1..𝑀 ;
for 𝑖 ← 1 to 𝐼 do

for 𝑑 ← 1 to 𝐷 do
𝑐𝑑[𝑧𝑑]– –;
for 𝑛 ← 1 to 𝑁𝑑 do

𝑐𝑤[𝑤𝑛𝑑][𝑧𝑑]– –; 𝑐[𝑧𝑑]– –;
end
for 𝑘 ← 1 to 𝐾 do

𝑝[𝑘] = 𝛼+𝑐𝑑[𝑘]
𝐾𝛼+𝐷−1

𝑁𝑑
∏

𝑛=1
𝛾+𝑐𝑤[𝑤𝑛𝑑][𝑘]

𝑀𝛾+𝑐[𝑘] ;

end
sample 𝑘 from probability distribution 𝑝[𝑘];
𝑧𝑑 ← 𝑘; 𝑐𝑑[𝑘]++;
for 𝑛 ← 1 to 𝑁𝑑 do

𝑐𝑤[𝑤𝑛𝑑][𝑧𝑑]++; 𝑐[𝑧𝑑]++;
end

end
end
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