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Definition and Posterior probability
Beta distribution:

𝐵𝑒𝑡𝑎(𝜋|𝛼, 𝛽) = 𝛤(𝛼 + 𝛽)
𝛤(𝛼)𝛤(𝛽)𝜋𝛼−1(1 − 𝜋)𝛽−1

Dirichlet distribution (generalization of Beta distribution to 𝑚 outcomes):

𝐷𝑖𝑟( ⃗⃗⃗𝜋|𝛼1, … , 𝛼𝑚) = 𝛤(∑𝑚
𝑖=1 𝛼𝑖)

∏𝑚
𝑖=1 𝛤(𝛼𝑖)

𝑚
∏
𝑖=1

𝜋𝛼𝑖−1
𝑖

Posterior probability for Beta-Bernoulli distribution:

𝑝(𝜋|𝐷) = 𝑝(𝜋|𝛼, 𝛽)𝑝(𝐷|𝜋)
𝑝(𝐷) ∝ 𝜋𝛼−1(1 − 𝜋)𝛽−1𝜋𝑘(1 − 𝜋)𝑛−𝑘 = 𝜋𝛼+𝑘−1(1 − 𝜋)𝛽+𝑛−𝑘−1

𝑝(𝜋|𝐷) = 𝐵𝑒𝑡𝑎(𝜋|𝛼 + 𝑘, 𝛽 + 𝑛 − 𝑘)
Posterior probability for Dirichlet-Categorical distribution:

𝑝( ⃗⃗⃗𝜋|𝐷) = 𝑝( ⃗⃗⃗𝜋| ⃗⃗ ⃗⃗𝛼)𝑝(𝐷| ⃗⃗⃗𝜋)
𝑝(𝐷) ∝

𝑚
∏
𝑖=1

𝜋𝛼𝑖−1
𝑖 𝜋𝑘𝑖

𝑖 =
𝑚

∏
𝑖=1

𝜋𝛼𝑖+𝑘𝑖−1
𝑖 ∝ 𝐷𝑖𝑟( ⃗⃗⃗𝜋| ⃗⃗ ⃗⃗𝛼 + �⃗�)
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Predictive distributions

Beta-Bernoulli predictions:

𝑝(𝑥𝑛𝑒𝑥𝑡 = 1|𝐷) = ∫
1

0
𝑝(𝑥𝑛𝑒𝑥𝑡 = 1|𝜋)𝑝(𝜋|𝐷)𝑑𝜋 = ∫

1

0
𝜋𝐵𝑒𝑡𝑎(𝜋|𝛼+𝑘, 𝛽+𝑛−𝑘)𝑑𝜋 = 𝛼 + 𝑘

𝛼 + 𝛽 + 𝑛

Dirichlet-Categorical predictions:

𝑝(𝑥𝑛𝑒𝑥𝑡 = 𝑗|𝐷) = ∫
△

𝑝(𝑥𝑛𝑒𝑥𝑡 = 𝑗| ⃗⃗⃗𝜋)𝑝( ⃗⃗⃗𝜋|𝐷)𝑑 ⃗⃗⃗𝜋 = ∫
△

𝜋𝑗𝐷𝑖𝑟( ⃗⃗⃗𝜋| ⃗⃗ ⃗⃗𝛼 + �⃗�)𝑑 ⃗⃗⃗𝜋 = 𝛼𝑗 + 𝑘𝑗
∑𝑚

𝑖=1(𝛼𝑖 + 𝑘𝑖)

The sign △ indicates a simplex: the integral is taken across all vectors ⃗⃗⃗𝜋 that are valid
probability distributions, i.e. ∑𝑚

𝑖=1 𝜋𝑖 = 1
The integrals are equal to expected values of given Beta/Dirichlet posterior distributions.
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